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S. Kakutani has observed that a a-algebra B of measurable. subsets 
of the unit interval [0, 1) is invariant under the translation x-+ x+1J 
(mod 1), f} irrational, if and. only if there exists an integer n such that B 
is the family of all measurable sets which are (almost everywhere equal 
to a set) periodic of period 1 fn (mod 1 ). R. L. ADLER [1] proved a corre-
sponding result for ergodic translations on compact monothetic groups 
with countable base. The purpose of this note is to extend this result 
to locally compact Abelian groups. 
Throughout this paper X denotes a locally compact Abelian group 
with countable base, integration is always with respect to Haar measure 
on X, and the spaces Ll(X), L2(X), L 00(X) of complex valued "functions" 
have their usual meaning (cf. e.g. BouRBAKI [2]). 
L2(X) is a separable Hilbert space, Ll(X) forms a Banach algebra with 
respect to convolution as multiplication and L 00(X) is a 0*-algebra (with 
the "pointwise" algebraic operations, complex conjugation as involution 
and the "essential supremum" as norm) which is isometrically isomorphic 
to the algebra 5X0 of all bounded multiplication operators on L 2(X). An 
isomorphism is given by the mapping f-+ A1, (A,h)(x) = f(x)h(x) for all 
hE L 2(X) (cf. J. DrxMIER [3], p. 117). Under this mapping the w*-topology 
on L 00(X) (regarding L00(X) as the dual space of Ll(X)) corresponds to 
the weak operator topology on 5Xo. Let Bo denote the a-algebra of all 
measurable (cf. [2], p. 181) subsets of X and let ~o denote the corre-
sponding Boolean a-algebra of all equivalence classes of measurable sets 
modulo null sets. 
The separability of L2(X) implies that ~o satisfies the "countable 
chain condition". Therefore ~o and every Boolean sub-a-algebra ~ of 
~o are complete Boolean algebras (cf. e.g. HALMOS [4], p. 62). Two sets 
Mt and M2 from Bo belong to the same equivalence class if and only 
if their indicator functions CM1 and CM2 represent the same element 
of L 00(X). We may therefore identify the family of all Boolean sub-a-
algebras ~ of ~0 with the family of all complete Boolean algebras of 
idempotents in L 00(X) or with the family of all complete Boolean algebras 
of projection operators in 5Xo. For every such Boolean a-algebra ~ we 
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denote by L!5(X) the w*-closed subspace 1) of L 00(X) generated by ~. 
The finite linear combinations .EA., eM,, M, E ~. form an algebra and 
therefore their w*-closure also forms an algebra because multiplication 
is (separately in each variable) w*-continuous. 
Proposition l. A subalgebra 2) of L00(X) is w*-closed if and only 
if it is L!5(X) for some (uniquely determined) Boolean a-algebra ~ ~ ~o. 
Proof. A w*-closed subalgebra of L00(X) may be considered as a 
commutative von Neumann algebra 2{ contained in the maximal com-
mutative von Neumann algebra 2{0 of bounded operators on L2(X) (cf. 
[3], p. 44, liS). But every commutative von Neumann algebra is generated 
by the idempotents it contains (cf. [3], p. 4) and is also the w*-closure 
of all finite linear combinations of these idempotents, which form a 
complete Boolean algebra ~. It can be shown 3) that distinct complete 
Boolean algebras generate distinct w*-closed subalgebras of L00(X). 
For every g EX and function I on X let (Lgf) (x) = l(gx). A set of functions 
on X is called invariant (X-invariant) if with every I it also contains all 
Lui. g EX. By Jt we denote the group of all (continuous) characters 
X of X topologized in the usual way. It is then homeomorphic to the 
maximal ideal space of the convolution algebra Ll(X). 
Proposition 2. The space L!5(X) is invariant if and only if it is 
generated by the characters it contains. 
Proof. Every space generated by a set of characters is of course 
invariant because (Lux) (x) = x(g) x(x). Suppose that L!5(X) is invariant. 
The set r of characters x contained in L!5(X) is a closed subgroup of 
Jt: L!B(X) is an algebra and therefore x-1 = i and xn E r for all X E r. 
The topology of Jt is the relative topology induced by the w*-topology 
on L 00(X) and therefore r is closed in X. 
We have thus shown that if <P=L!B(X) is invariant then the spectrum 
of <P (i.e. the set of characters belonging to <P) is a closed subgroup r of Jt. 
But a closed subgroup of Jt is the cospectrum of a unique closed ideal I of 
Ll(X) (H. REITER [5], Th. 4). By orthogonality every w*-closed invariant 
subspace with spectrum r coincides with the w*-closed subspace gener-
ated by F (cf. e.g. RUDIN [7], p. 184), which proves proposition 2. 
Every r may be written as H~ for some closed subgroup H of X. 
A function I on X is called periodic with respect to H if l(xh) = l(x) for 
all x E X and h E H. 
1) By subspace we mean a subset closed under addition and multiplication by 
complex numbers. 
2) By subalgebra we mean a subset closed under addition, multiplication and 
conjugation which contains all constant functions. 
S) Cf. e.g. [3], p. 46. 
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Proposition 3. The algebra LjB(X) is invariant if and only if it consists 
of all (equivalence classes of) functions periodic with respect to some 
closed subgroup H of X. 
The proof follows immediately from proposition 2 and Lemma 1.2 of 
[6]. It can also be shown that then LjB(X) is isometrically isomorphic 
to Loo(XfH). 
We call a a-algebra B invariant if and only if the corresponding indicator 
functions form an invariant set of functions. Remarking that a a-algebra 
B is invariant if and only if LjB(X) is invariant, we get the 
Theorem. A a-algebra B of measurable subsets of a locally compact 
Abelian group X with countable base is invariant if and only if there 
exists a closed subgroup H of X such that B is the family of all measurable 
sets (coinciding almost everywhere with a set) periodic with respect to H. 
To obtain the results of Kakutani and Adler as special cases we have 
only to observe that for a dense subgroup G of X a subalgebra L;B(X) 
is G-invariant if and only if it is X-invariant. But this follows immediately 
from the inequality 
for all f E L 00(X), cp E Ll(X) and the uniform continuity of the map 
X -+ Lxcp, cp E Ll(X). 
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